It is demonstrated that not only gravity, but also neutron-striction forces due to optical potential created by coherent elastic neutron-neutron scattering can hold a neutron star together. The latter forces can be stronger than gravitational ones. The effect of these forces on mass, radius and composition of the neutron star are estimated.
Introduction
Gravity is generally accepted to be the main force compressing stars. We believe this is not the case. There exists another force, which in some instances can be larger than gravitation. This additional force is created by the coherent elastic scattering of neutrons on each other.
Optical energy of neutron stars can be larger than the gravitational one
We know that the interaction of a neutron with any substance is characterized by an optical potential [2] . This potential is called optical because it leads to the reflection and refraction of neutron waves. This potential also holds the neutrons of low energies, "ultracold neutrons", in closed vessels because it totally reflects them at any angle. It is equal to
whereh is the reduced Planck constant, m is the neutron mass, N 0 is atomic density of the substance, and b is the coherent scattering length. If b > 0, the substance repels neutrons and presents a potential barrier, if b < 0, the substance attracts neutrons and presents a potential well to them. , where N 0 is atomic density, keeps the well, because widening of the well is accompanied with decrease of N 0 , and rise of the well bottom, which requires increasing of the particle energy from E 0 to E ′ 0 > E 0 .
In the potential well of sufficient dimensions, particle can have bound states, which means that the substance can hold particles. However, and it is important, not only substance can keep a particle, but the particle itself, being in a bound state, keeps the substance. Let's, for example, imagine a drop of atomic liquid hydrogen. This drop, because of negative neutron proton coherent scattering length, represents a well for a neutron. The depth of the well depends on hydrogen density. The neutron can be captured by the potential well into, say, its lowest bound state E 0 , as shown in fig. 1 .
If the hydrogen starts to expand, its density becomes lower, the well becomes more shallow, and the bound level becomes higher. So expansion requires some energy to be delivered to the neutron. It means that the neutron and the well mutually hold each other. Of course, the force of a single neutron is tiny. However we can imagine a lot of neutron, which number is sufficiently high for not only to resist the hydrogen spreading, but even to compress it.
The optical potential of matter in earth-like conditions is of the order of 100 neV. The potential increases with density and in extremal conditions, like those found inside stars, it becomes of considerable value.
The scattering length b is the result of short range strong interaction, however the optical potential u o is the long range one. It is the result of wave nature of the neutron and of multiple scattering and rescattering of the particle in between scattering centers [3] Neutron stars consist of neutrons, and, since the neutron-neutron scattering length is negative, the star represents a potential well for every neutron. The neutron-neutron scattering length is found to be b s ≈ −18 fm in singlet state and zero in triplet state, so we can define the coherent scattering length b c = b s /4 ≈ −4.5 fm.
Let us denote n(r) the density of neutrons at a point r in the neutron star. The optical energy of all the neutrons in the vicinity of r can be represented as
where
is optical potential for a single neutron. The total optical energy of all the neutrons inside a sphere of radius R is equal to
If R is radius of the star, and the density is constant (n(r) = N 0 ), the total optical energy is
where N = N 0 V is the total number of neutrons inside the star, M = Nm is the neutron star mass, and V = 4πR 3 /3 is its volume. We see that this energy increases with decrease of the radius ∝ R −3 . Let us now compare this energy with gravitational one
where u g (r) is gravitational energy for a particle at a point r. It is equal to
where G is the gravitational constant. For constant density n(r) = N 0 substitution of (4) into (3) gives
It is easy to see that |U o | > |U g |, when
provided that the scattering length |b| = 0.45 · 10 −12 cm. Result (6) is valid for fixed b, which is known at small energies. For high energies it is necessary to take into account energy dependence of b. The energy itself depends on neutron density. The higher the density, the higher is the energy, and the less is b, so at some densities the optical potential becomes less than gravitational one and can be even neglected. However, if we switch off the gravity, the star starts to expand, density decreases, and the optical potential increases. At some density the optical potential becomes equal to Fermi energy, expansion stops and we obtain an object which stays compact without gravity and electric forces.
Because of energy dependence the result (6) is valid only for sufficiently small densities. Below we show that it is valid for densities n ≈ 8 · 10 36 cm −3 , which corresponds to ρ ≈ 1.3 · 10 13 g/cm −3 and to total mass of the neutron star: M ≈ 1.5 · 10 32 g ≈ 0.1⊙. The optical potential, seems, can be obtained with the help of Brueckner-Goldstone approach (see, for example [1] ) used in theory of nuclear matter. Here, however, because the considered densities are less than nuclear ones, we can use the approach, which is well justified for solid state matter in earth conditions.
Energy dependence of b
To proceed further we need to know how b depends on energy. For that we need to describe strong neutron-neutron interaction. We use the simplest approach representing this interaction by a rectangular potential well of width a and depth u N . In that case the s-scattering length is
If the potential contains a hard repulsive core of width l, then in (7) we must replace k ′ a with k ′ (a − l). However inclusion of the core will not change essentially our results, so we shall not take it into account. 
Digression on derivation of the relation (7)
The equation (7) can be derived canonically by matching wave function inside and outside the potential well. We want to show here, how to derive it differently. For that we should remind that the Schrödinger equation for s-scattering is reduced to one dimensional problem of reflection of the plane wave exp(−ikr) from the potential shown in fig. 2 , which contains the potential well of the depth u N and width a, and an infinitely high potential barrier at r = 0.
The wave function outside of the well can be represented as
where ρ is reflection amplitude from the full potential. The reflection amplitude can be put down immediately [6, 7] :
where ρ 0 = −1 is reflection from the infinitely high potential wall at r = 0,
is reflection amplitude in vacuum from the potential edge of the well, ρ u0 = −ρ 0u is the reflection amplitude in the well from the potential edge of the well, τ 0u = 2k/(k + k ′ ) and τ u0 = 2k
′ /(k+k ′ ) are refraction amplitudes at the potential edge of the well from vacuum and in opposite direction respectively, and k ′ = √ k 2 + u N is the wave number in the well. Reflection amplitude (9) consists of two terms. The first one describes reflection from the well edge, and the second one describes refraction into the well, multiple reflection in the well from two well walls, and the back refraction from the well into vacuum. Taking into account that τ 0u τ u0 = 1 − ρ 2 0u , and that the reflection, because of infinitely high potential wall at r = 0, is total, we represent (9) as follows
Usually scattering in 3-dimensional case is described not by reflection amplitude ρ(k), but by scattering matrix S(k), which is equal to amplitude of outgoing wave exp (ikr), when the incident wave is − exp (−ikr), i.e. solution (8) of the Schrödinger equation is represented by ψ(k, r) = − exp (−ikr) + S(k) exp (ikr).
Since the function ψ is defined only up to an arbitrary phase factor, we can identify (8) with (11) and obtain that
With scattering matrix we can define scattering amplitude
and the scattering length
Substitution of (10) into (14) gives (7).
Analysis of (7)
From (7) it follows that in the limit k → 0 we have the relation
where c = √ 2mu N a/h. For b < 0 equation (15) gives c close to (2n + 1)π/2, where n is an integer equal to the number of bound levels in the potential well. If there are no bound levels in the well, then n = 0 and c ≈ π/2.
With the parameter c we can represent (7) in the form
where E is defined in unitsh 2 /2ma 2 , and b in units a. This function is negative and monotonically increases to zero. It means that |b| decreases with energy, and becomes small at Fermi energies of the degenerated neutron gas in the star E = E F ≡ 2ma 2 ǫ F /h 2 . The dependence (16) is presented in fig. 3 . It can be well approximated by more simple function
which we can use later.
To proceed further we need to know u N . We can suppose that the width of the well is 1.2 fm, and its depth is u N ≈ 30 MeV, as usually accepted in nuclear physics. 
Equilibrium of the neutron star
The star is in equilibrium state, when its chemical potential µ is constant. To find µ at a point r we need to find, what energy is required to add a particle at the point r. This energy consists of three terms: optical, u o (r), gravitational, u g (r) and kinetic energy u k (r).
To find u k (r) we should take into account that neutron star is usually representable as a degenerate Fermi-gas [5] , so that every added neutron should have kinetic energy u k equal to the energy ǫ F (r) at the Fermi-level.
Since we know that at high energy the optical potential can be neglected, we consider only nonrelativistic case. The Fermi energy ǫ F , in the nonrelativistic case is as follows:
where c is light velocity, andhk F is the momentum at the Fermi level. The energy ǫ F can be considered as a chemical potential µ in absence of any field. At equilibrium the complete chemical potential should be constant along the star. The constancy of the chemical potential results in an equation for n(r), namely:
from which it follows that at the surface of a neutron star there is a step of density determined by the equation
which should be satisfied even in absence of gravity. If we take into account the dependence of b on E in the form (17), we can represent (19) in the dimensionless form
where n = a 3 n, and b 0 = b 0 /a. This equation does not have solutions at positive n. To get solution we must suppose that near the star surface some neutrons are decayed to protons, so we have neutrons in some concentration C, and the equation (20) must be rewritten in the form
In the numerator we did not use the factor C, because the coherent scattering length is the same for neutrons and protons. Equation (21) can be satisfied with positive n for some C < 1. However we do not know C. To find it we use the second condition of equilibrium. In the absence of gravity the pressure at the star surface must be zero, it means that derivation of both sides of the eq. (21) over n should give equal values:
If we denote x = 3π 2 Cn, then we obtain the system of two equations:
If we divide the second equation by the first one, we obtain an equation
from which it follows that
and x = 0.25. Substitution into (21) gives
In dimensional units it means density N 0 = 8 · 10 36 cm −3 , or 1.3 · 10 13 g/cm 3 . The coherent scattering amplitude at such a density is b 0 /2, and Fermi energy is ǫ F ≈ 5 MeV. If the density is constant, and radius of the star defined by (6) is ≈ 14 km then its mass is ≈ 1.5 · 10 32 g, or 0.1⊙.
Of course, in presence of gravity the density of star can be higher, and mass is larger, however the above considerations show, that to describe correctly the star evolution we need to take into account the optical potential.
Upper mass for neutron star with high optical energy
Let us look at the formula (17). Substitution of k 2 F = (3π 2 N 0 ) 3/2 into it and further substituttion of b into (2) gives optical energy for large N 0 to be
So, energy dependence of b gives to optical energy the same dependence on radius as that for gravitational energy, and we can ask ourselves, how long the optical energy can be higher than gravitational one. It takes place when the inequality
holds, where ρ N = m/a 3 is nuclear density. From this inequality we find upper bound for mass of the star
From (30) it follows
It is not the upper limit of the neutron star. It is the limit for neutron star in which optical energy is higher than gravitational one.
Influence of possible resonant scattering
It is worth to consider also the case, when the potential well contains a bound level, i.e. when c ≈ 3π/2. In that case elastic scattering has a resonant behavior shown in fig. 4 . The scattering length increases with energy and becomes zero at E ≈ 0.3, which is equivalent to 9 MeV for nuclear potential u N = 30 MeV. At this point the optical potential changes its sign. It is positive, when density increases, and ǫ F > 9 MeV, and it is negative, when the density decreases, and ǫ F < 9 MeV. Thus, when the density of the star increases, the optical potential becomes repulsive, and it expands the star, however, when the density decreases the potential becomes attractive and compresses the star. Such correlation between the potential and density creates oscillations in the neutron star. Since the density in the star is usually nonuniform the oscillations start at the critical density and generate elastic waves in the star. Elastic waves produce gravitational waves and lead to neutrino and antineutrino emission. Emission of these particles and gravitational waves affects cooling rate of the star. Elastic oscillations may be also one of the sources of observable pulsations of pulsars. If we accept that pulsations are like a wave with wave length equal to the star radius ≈ 10 6 cm, and for speed of elastic wave dp/dρ ≈ 10 9 cm/sec, then we obtain period of the oscillations of the order of millisecond. It is interesting to note that oscillations can arise not only at the point, where the optical potential becomes zero. The decrease of the optical energy with density increase can be a source of oscillations at any point, but in the case of resonance the period of oscillations decreases before the resonant energy (E ≈ 1.5, fig. 4 ), and increases after it. Without the resonance the oscillation period steadily increases all the time.
There is also another interesting point, which is related to the resonance at E ≈ 1.5, or to energy ǫ F ≈ 45 Mev. Near this energy the neutron star can be in a stable equilibrium, because repulsion created by the optical potential with positive b resists compression of the gravity. However, the resistance is not infinite, as shown in the figure, because of imaginary part of the scattering amplitude. The scattering length b in that case should be replaced by the complex number [6] b/(1 + ikb), which means that at densities determined by solution of the equation b(E F ) = 1/k F the gravity overcomes the repulsion of optical potential, and the star experiences catastrophic changes accompanied with fast release of energy equivalent to an explosion.
Conclusion
According to the existing models [4, 5, 8, 9, 10, 11] a neutron star density is equal to 10 38 n/cm 3 , or 10 14 g/cm 3 . Its radius is of the order 10 km and its mass can vary, but its upper limit is about 3⊙.
The results of this paper does not contradict these conceptions, however they show that there is another family of neutron stars with considerably lower mass and density. More over, the theory of evolution of more massive neutron stars [12] is not complete because of omission of the very important interaction created by coherent neutron -neutron elastic scattering, which can be called neutron-striction.
It is important to notice that though the scattering length is created by the short range strong interaction, it itself creates long range interaction, which is manifested by optical potential and such phenomena as diffraction in single crystals and specular reflection from interfaces.
When we take into account the optical potential and dependence of scattering length on energy we enter the rich field of new interesting effects, which can explain many different modes of star variations. These effects are related not only to neutron stars, but also to stars in general, because elastic scattering length is a property not only of neutrons but of atoms also.
We have considered only the optical potential created by s-scattering. There are evidently other contributions due to p-scattering and scattering with other angular moments. These contributions complicate and further enrich the star evolution theory.
